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Abstract. We derive the spectra of surface states for massive Dirac Hamiltonians with either momentum or energy separation
between the left- and right-handed Weyl nodes. Momentum separation between the Weyl nodes corresponds to the explicitly
broken time-reversal symmetry and the energy separation - to broken parity. Such Hamiltonians provide the simplest model
description of Weyl semimetals. We find that the only effect of the energy separation between the Weyl nodes is to decrease the
Fermi velocity in the linear dispersion relation of the surface states of massive Dirac Hamiltonian. In the case of broken time-
reversal symmetry, the spectrum of surface states interpolates in a nontrivial way between the Fermi arc-type and the Dirac
cone-type dispersion relations. In particular we find that for all values of the mass and the momentum separation between the
Weyl nodes the surface states only exist in a strip of finite width in momentum space. We give also some simpler examples of
surface states in order to make these notes more pedagogical.
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1. INTRODUCTION
Surface states play an extremely important role in the physics of topologically nontrivial states of matter, such as the
topological insulators [1] and the Weyl semimetals [2, 3]. E.g. the nonzero conductivity of the topological insulators is
saturated by topologically protected gapless excitations. The hallmark of the Weyl semimetal phase is the emergence
of the Fermi arc in the spectrum of surface states, which is an open line of zero energy surface states joining
the projections of the bulk Weyl nodes onto the boundary Brillouin zone. A beautiful argument relating 3D Weyl
semimetals and 2D Z2 topological insulators shows that Fermi arcs are also topologically protected [2].
The aim of these notes is to provide a simple (and hopefully pedagogical) derivation of the spectrum of surface
states within the low-energy effective model of topological insulators and Weyl semimetals, which is nothing but the
continuum Dirac Hamiltonian. In Section (2) we start with a general recipe for computing the spectrum of surface
states, introducing the wave function of an ideal insulator as the boundary condition for the wave functions of any
surface state. We then consider the simplest example of the surface states of a 3D Z2 topological insulator, modelled
by a Dirac Hamiltonian with a negative mass term.
In Section 3 we consider the spectrum of surface states of a massive Dirac Hamiltonian with Weyl nodes which have
different energies. In this case the surface states only exist if the Dirac mass term is negative, as for Z2 topological
insulators. The dispersion relation of the surface states is simply the isotropic Dirac cone with the Fermi velocity which
decreases as the energy separation between the Weyl nodes grows.
In Section 4 we study surface states of a Dirac Hamiltonian with the momentum separation between the Weyl nodes.
In Subsection 4.1 we consider the simplest case of massless Dirac fermions and demonstrate the existence of the
Fermi arc in the surface state spectrum. After that we consider massive Dirac fermions and find that the surface states
interpolate in a nontrivial way between the Fermi arc-like and the Dirac cone-like dispersion relations. In particular,
surface states exist only in a finite range of momenta in the surface Brillouin zone for all nonzero values of the Dirac
mass and the momentum separating the Weyl nodes. When the momentum separation between the Weyl nodes is equal
to the Dirac mass, the spectrum of surface states becomes purely one-dimensional.
2. GENERAL RECIPE FOR THE CALCULATION OF THE SPECTRUM OF SURFACE
STATES
2.1. Surface states of a Dirac Hamiltonian in the presence of a flat boundary
In these notes we will consider the single-particle three-dimensional Dirac Hamiltonians of the following form
h =−iαi∂i +Φ(~x) , (1)
where αi = −iγ0γi = diag (σi,−σi) are the Dirac α-matrices, i = x,y,z label spatial coordinates and Φ(~x) is some
Hermitian matrix with two spinor indices which might in general depend on the coordinates. For example, the Dirac
mass term corresponds to Φ = mγ0. The Dirac Hamiltonians of such a general form provide a reasonably accurate
low-energy description of 3D Z2 topological insulators and Weyl semimetals.
In the following we will consider the Hamiltonian (1) as a low-energy description of some crystal which hosts
Dirac quasiparticles and which fills the infinite half-space z > 0 such that there is a flat boundary at z = 0 between
the crystal and the vacuum. Moreover, we assume that at z > 0 and z < 0 the matrices Φ do not have any coordinate
dependence, and denote Φ(~x)≡Φ> for z > 0 and Φ(~x)≡Φ< for z < 0. We are then interested in the surface states of
the Hamiltonian (1) confined to the plane z = 0, in a sense that their wave functions decay as eλ>z for z→+∞ and as
eλ<z for z→−∞, with Reλ> < 0 and Reλ< > 0.
For real crystals there should be also a factor of Fermi velocity vF in front of the derivative term in (1). However, it
can be absorbed into the rescaling of Φ(~x) and the energy spectrum, and is not important for the following discussion.
Since the system is translationally invariant in the xy plane, we can partially diagonalize the Hamiltonian in the
plane wave basis eikxx+ikyy. We then get the following equation for the eigenstates of h:
(αaka− iαz∂z +Φ(z))Ψ(ka,z) = ε (ka)Ψ(ka,z) ⇒ ∂zΨ = iαz (ε−αaka−Φ>θ (z)−Φ<θ (−z))Ψ, (2)
where small Latin indices are used to label the two transverse coordinates: a = x,y. From the last equation above we
immediately conclude that the coefficients λ≶ which determine the decay of the wave function of the surface state
away from the surface are the eigenvalues of the constant, space-independent 4× 4 matrices
M≶ = iαz (ε−αaka−Φ≶) . (3)
The corresponding eigenvectors are the Dirac spinors ψ≶, for which we assume the normalization |ψ≶| = 1. The
solution of the equation (2) can be then written in the following general form:
Ψ(z) = N>ψ>eλ>zθ (z)+N<ψ<eλ<zθ (−z) , (4)
The normalization condition for the wave function (4) reads
||Ψ||2 = |N>|2
0∫
−∞
dze2Reλ>z + |N<|2
+∞∫
0
dze2Reλ<z = |N>|
2
2|Reλ>| +
|N<|2
2|Reλ<| = 1. (5)
In addition, in order to satisfy the equation (2) we have to require the continuity of the wave function across the
boundary at z = 0, which gives the condition N>ψ> = N<ψ<. Taking into account that ψ≶ are by definition
normalized to unity, we conclude that the absolute values of N> and N< should be equal, and that the spinors ψ> and
ψ< should be equal up to a phase: ψ> = nψ< with |n|2 = 1.
We thus conclude that the surface states exist if one can find such ε that the two matrices M≶ have matching
eigenvectors ψ> = nψ< for which the corresponding eigenvalues λ≶ satisfy Reλ> < 0, Reλ< > 0.
2.2. Wave function of an ideal insulator
In practice, one is often interested in the surface states which live on the boundary between some topologically
nontrivial material and the vacuum, which can be thought of as an “ideal” insulator. Since we know that in the vacuum
the electrons are described by the Dirac Hamiltonian with a huge (as compared to typical scales in condensed matter
physics) mass of me ≈ 0.5MeV, we can model the vacuum electron Hamiltonian as the Dirac Hamiltonian (1) with
Φ = meγ0, assuming that the typical electron momenta and energies are much less than me. Strictly speaking, we
should also take into account that inside the crystal the electron moves with a Fermi velocity vF , and outside - with
the speed of light. At the level of the eigenstate equations (2), however, the difference of the Fermi velocities will only
result in a rescaling of me by vF , which will still be very large as compared to other scales in the problem.
We will therefore assume that at z < 0 we have a vacuum, and calculate the eigenstate of the corresponding matrix
M< in (3) with positive real part of the eigenvalue, assuming |k| ≪ me, |ε| ≪ me. Writing the matrix M< and its
eigenstate ψ< = {φ<,χ<} in the chiral block form, we obtain the following eigenstate equation:
i
(
σz 0
0 −σz
)(
ε− k/ −me
−me ε + k/
)( φ<
χ<
)
= λ<
( φ<
χ<
)
, (6)
or, individually for each of the chiral components φ<, χ<:
χ< =
ε− k/+ iλ<σz
me
φ<, φ< = ε + k/− iλ<σz
me
χ<, (7)
where we have denoted k/ ≡ σxkx +σyky. Combining the two above equations, we can express λ< in terms of ε as
λ< =
√
m2e + k2− ε2. We have taken into account that the real part of λ< should be positive and denoted k =
√
k2x + k2y .
From (7) one can also read off the general form of the eigenstates of M<:
ψ< (ka) = N
(
η (ka)
ε−k/+iλ<σz
me
η (ka)
)
, (8)
where N is the normalization factor and η (ka) is an arbitrary normalized two-component Weyl spinor which can
have some momentum dependence.
Taking into account the smallness of ε and k as compared to me, we can write λ< ≈ me. We can also neglect ε and
k/ in the second component of (7). We conclude therefore that in the limit k ≪me, |ε| ≪ me the eigenstates ψ< of M<
have the following form:
ψ< (ka) =
1√
2
(
η (ka)
iσz η (ka)
)
. (9)
We call this spinor “the wave function of an ideal insulator”. We see that its form is completely independent of the
momentum k, the energy ε and the electron mass. By virtue of the continuity of the wave function at the boundary
of material, we conclude that all the surface states of any material bounded by the vacuum should have this structure.
The nontrivial properties of the surface states are then encoded in the nontrivial momentum dependence of the Weyl
spinor η (ka).
From now on we will always assume that the nontrivial material occupies the half-space at z > 0, and the vacuum is
at z < 0. To shorten the notation, from now on we will also omit the subscript > for the quantities characterizing the
wave functions at z > 0 as well as the surface momentum ka from the arguments of the wave functions.
2.3. Example: surface states of a 3D topological insulator and the spin-momentum locking
In order to illustrate the application of the above formulae on the simplest possible example, in this Subsection
we consider the surface states of a 3D Z2 topological insulator, which at low energies can be modelled by the Dirac
Hamiltonian with a negative mass term m [1]. The eigenstate equation for the matrix M has the same form as in (6)
with the replacement me →m, and the corresponding eigenstates read
ψ = N
( η
ε−k/+iλ σz
m
η
)
, (10)
where λ = −
√
m2 + k2− ε2 and N is some normalization constant. At the surface of the topological insulator this
wave function should be equal to the wave function (9) of an ideal insulator. These boundary conditions immediately
lead to the following linear equation for η :
ε− k/+ iλ σz
m
η = iσzη . (11)
The consistency condition for these linear equations yield the equation from which one can find the energies ε of the
surface states:
ε2 = k2− (λ −m)2 ⇒ λ = m, ε =±k. (12)
Note that for this solution the real part of λ is only negative if the Dirac mass m is negative, that is, if our material
has a nontrivial Z2 topological index with respect to the vacuum, which we have characterized by the ideal insulator
wave function (9). Of course only the relative sign of the Dirac mass in the vacuum and in the material is important,
and the assumption that the Dirac mass in the vacuum is positive is merely a conventional choice [1]. We thus see that
the dispersion relation of the surface states of a 3D Z2 topological insulator is simply the Dirac cone with unit Fermi
velocity:
ε =±k≡±
√
k2x + k2y . (13)
Substituting now the expressions (12) into (11), we immediately see that the Weyl spinor η is the eigenstate of the
spin operator k/: k/η = εη . Since η =
{
η↑,η↓
}
encodes the spin polarization of the surface states, we conclude that
for 3D Z2 topological insulators the spin of the surface states is always aligned with the momentum. This is the famous
spin-momentum locking mechanism, which prevents backscattering of surface states at impurities which cannot flip
the spin (e.g. the non-magnetic impurities). Indeed, the back-scattered wave should have opposite orientations of both
the momentum and the spin, but the processes of spin flips are highly suppressed in the absence of magnetization.
For completeness, let us also remark that in real 3D topological insulators the spin of the surface states is actually
not aligned, but rather perpendicular to the momentum. This is simply the consequence of the fact that for real 3D Z2
topological insulators the kinetic term in the effective Dirac Hamiltonian should be written as k/ = kxσy− kyσx (see
e.g. [4, 5, 6]). This specific permutation of x and y indices in the Dirac Hamiltonian is a direct reflection of a strong
spin-orbital coupling, an important feature of all topological insulators. However, as long as one is interested only in
the energy spectrum of the surface states, one can use the form k/ = kxσx + kyσy which is common in high-energy
physics and which only differs from k/= kxσy− kyσx by a redefinition of Pauli σ -matrices.
3. SURFACE STATES FOR MASSIVE DIRAC FERMIONS WITH CHIRALITY
IMBALANCE
Let us now consider a more nontrivial example of a massive Dirac Hamiltonian for which the left- and the right-
handed Weyl nodes have different energies. Such Hamiltonian might serve as a low-energy effective theory of a Weyl
semimetal with broken parity [6, 7, 8, 9]. In particular, such a material should support the Chiral Magnetic Effect
[10, 8]. Without loss of generality, we can assume that the energies of the Weyl nodes are ±µA, where µA is the chiral
chemical potential [10].
We now consider the case when the space at z < 0 is an ideal insulator (see the above section), and the space at
z > 0 is characterized by some mass term m and the chiral chemical potential µA. In this case the bulk Hamiltonian in
momentum space and the corresponding matrix Φ in (1) have the form
h =
(
kiσi− µA m
m −(kiσi− µA)
)
, Φ =
( −µA m
m µA
)
. (14)
The bulk energy spectrum which corresponds to such a Dirac Hamiltonian is
Es,σ
(
~k
)
= s
√(
|~k|−σ µA
)2
+m2, s,σ =±1. (15)
The eigenvalue equation for the matrix M in (3) in this case has the form(
ε− k/+ µA −m
−m ε + k/− µA
)( φ
χ
)
=
( −iσzλ φ
iσzλ χ
)
, (16)
or, in a component-wise form
χ = ε− k/+ µA+ iσzλ
m
φ , φ = ε + k/− µA− iσzλ
m
χ . (17)
For simplicity, we assume now that we are interested in the low-energy excitations with ε < m. Then the compatibility
condition for the equations (17) leads to the following two values of λ with negative real parts:
λσ =−
√
k2 +
(√
m2− ε2 + iσ µA
)2
, (18)
where we assume that
√
m2− ε2 > 0. We see that in the presence of the chiral chemical potential µA λσ acquire some
nonzero imaginary part. Moreover, λ+ and λ− are now complex conjugate. Remembering that the wave functions of
the surface states depend on the “depth” coordinate z as eλ z, we conclude that now the wave functions of the surface
states should exhibit some oscillations as they decay at large z.
By a direct substitution one can check that φ and χ should be proportional to the eigenvectors ησ of the operator
k/− iσzλσ :
(k/− iσzλσ )ησ =−iσ
√
λ 2σ − k2ησ =−iσ
(√
m2− ε2 + iσ µA
)
, (19)
where in the last line we have used the identity λ 2σ − k2 =
(√
m2− ε2 + iσ µA
)2
which follows from (18). Up to
normalization ησ can be written as
ησ = {1,θσ} , θσ = iλσ + µA− iσ
√
m2− ε2
kx− iky . (20)
Using (17), we can now find the eigenvectors of M which correspond to the eigenvalues (18):
ψ =
(
ησ
ξσ ησ
)
, ξσ = ε + µA + iσ
(√
m2− ε2 + iσ µA
)
= ε + iσ
√
m2− ε2. (21)
Since ψσ , σ = ±1 are the two independent eigenstates of M with negative real parts, the wave functions of surface
states can be expressed as some linear combination of ψσ : Ψ(z) = ∑
σ=±
cσ ψσ eλσ z. In order to satisfy the continuity
of the wave function, we have to require that at z = 0 Ψ(z) is equal to the ideal insulator wave function (9). This
immediately leads to the following equations:
c+η++ c−η− = η , c+ξ+η++ c−ξ−η− = iσzη ,⇒ c+ (ξ+η+− iσzη+)+ c− (ξ−η−− iσzη−) = 0. (22)
Using now the explicit form of ησ , we arrive at the following system of equations for c±:
c+ (ξ+− i)+ c− (ξ−− i) = 0, c+θ+ (ξ++ i)+ c−θ− (ξ−+ i) = 0. (23)
These equations are compatible if
(ξ+− i)(ξ−+ i)θ− = (ξ++ i)(ξ−− i)θ+. (24)
The real values of ε at which this equation is satisfied are the energies of the surface states. Using the explicit form of
ξσ from (21) and θσ from (20), after some algebra we can rewrite the above equation as(
1+ m√
m2− ε2
)
λ++
(
1− m√
m2− ε2
)
λ− = 2(m+ iµA) . (25)
Taking into account that λ+ and λ− are complex conjugate and that m, ε ,
√
m2− ε2 and µA are real, one can easily see
that the above equation is equivalent to
Reλ+ = m, Imλ+ = µA
√
m2− ε2
m
. (26)
From the first equation it becomes obvious again that the surface states only exist if m < 0. This means that
surface states only exist if the Weyl semimetal is simultaneously also the Z2 topological insulator. These features
in fact do not contradict each other, since the dispersion relation (15) features both the Weyl nodes at the energies
E =±
√
µ2A +m2 and the gap of size 2|m| centered around E = 0. While the conventional ohmic conductivity vanishes
at zero temperature because of this gap, the chiral magnetic conductivity is still nonzero due to the existence of Weyl
nodes [11, 12].
In order to find the energies ε of surface states, we have now to solve the equation
−
√
k2 +
(√
m2− ε2 + iµA
)2
= m+ iµA
√
m2− ε2
m
. (27)
Squaring both the r.h.s. and the l.h.s. of this equation we finally arrive at the following dispersion relation for the
surface states in the presence of chiral chemical potential:
ε =± |k|√
1+ µ
2
A
m2
. (28)
We see that the dispersion relation at nonzero chiral chemical potential is still the Dirac cone, and the only effect of
the chiral chemical potential is to decrease the Fermi velocity vF ∼ m√
m2+µ2A
. It is interesting to note that the Fermi
velocity of the surface states appears to be different (and larger for µA < m) than the bulk Fermi velocity VF , which
according to (15) is equal to
VF =
∣∣∣∣ ∂∂k Es,σ (k) |k=0
∣∣∣∣= |µA|√
µ2A +m2
. (29)
4. SURFACE STATES FOR MASSIVE DIRAC FERMIONS WITH MOMENTUM
SEPARATION BETWEEN THE WEYL NODES
In this Section we consider the case of Dirac Hamiltonian with momentum separation between the Weyl nodes.
Such a Hamiltonian provides a low-energy effective description of time-reversal breaking Weyl semimetals [2, 6, 7].
Physically, momentum separation between the Weyl nodes can be achieved, for example, by magnetic doping of a 3D
topological insulator [2, 13]. Direct signatures of the momentum separation between the Weyl nodes are the anomalous
Hall effect [6, 7] as well as the existence of the Fermi arc in the spectrum of surface states - an open line of topologically
protected zero energy states which joins the projections of the bulk Weyl nodes onto the surface Brillouin zone [2].
We first illustrate the emergence of the Fermi arc states in the simplest case of massless Dirac fermions with Weyl
nodes at different momenta, and then consider the more general and complicated case of massive Dirac fermions.
While similar calculations were presented in [7, 14], here we extend the analysis of the surface states also to the
case when absolute value of the Dirac mass is so large that the Weyl nodes no longer exist and explicitly follow the
interpolation between the Fermi arc-like and the Dirac cone-like dispersion relations.
4.1. Fermi arcs for massless Dirac fermions
For massless Dirac fermions with Weyl nodes at ~k = ±~b the bulk Hamiltonian in the momentum space and the
corresponding matrix Φ in (1) have the form
h =
(
σi (ki− bi) 0
0 −σi (ki + bi)
)
, Φ =
( −b/ 0
0 −b/
)
, (30)
where we assume that ~b = {b,0,0}. Fermi arcs appear in the spectrum in this case if the boundary of the Weyl
semimetal is parallel to the xy plane, that is, exactly in the case which we consider.
With Φ given by (30), the equations for the eigenstates ψ = {φ ,χ} of M can be written as
(ε− k/+ b/+ iσzλ )φ = 0, (ε + k/+ b/− iσzλ )χ = 0. (31)
From these equations, we find two independent solutions with negative real λ :
λ1 =−
√
|k− b|2− ε2, φ1 = N1
{
1,
¯k− ¯b
ε− iλ1
}
, χ1 = 0,
λ2 =−
√
|k+ b|2− ε2, φ2 = 0, χ2 = N2
{
1,−
¯k+ ¯b
ε + iλ2
}
, (32)
where N1 and N2 are some normalization factors. Taking into account that for the vacuum boundary conditions (9)
{φ ,χ}= N {η , iσzη}, we can write the following equation for the general solution which should be representable as
some linear combination of ψ1 = {φ1,χ1} and ψ2 = {φ2,χ2}:

N1
N1
¯k−¯b
ε−iλ1
N2
−N2 ¯k+¯bε+iλ2

=


η↑
η↓
iη↑
−iη↓

 . (33)
After some simple algebraic transformations we find the following equation for ε:
k− b
ε + iλ1
=
k+ b
ε− iλ2 , (34)
or, in somewhat more explicit form
ε− i
√
|k− b|2− ε2
k− b =
ε + i
√
|k+ b|2− ε2
k+ b . (35)
It is now easy to guess the following solution to this equation:
ε =−ky, |kx|< |b|. (36)
This is the Fermi arc solution. We see that there is a line of zero energy joining the projections of the bulk Weyl nodes
onto the surface momentum space. The dispersion relation is effectively one-dimensional in the direction perpendicular
to the separation between the Weyl nodes. Moreover, surface states only exist in a finite strip in momentum space with
|kx|< |b|.
4.2. Surface states for massive Dirac fermions with broken time-reversal symmetry
We now consider the more general case of massive Dirac Hamiltonian with the time-reversal breaking terms of the
form (30). Correspondingly, the momentum-space bulk Hamiltonian and the matrix Φ in (1) have the form
h =
(
σi (ki− bi) m
m −σi (ki + bi)
)
, Φ =
( −b/ m
m −b/
)
. (37)
The bulk dispersion relation of this Hamiltonian is [7]:
Es,σ
(
~k
)
= s
√(√
k2x +m2 +σb
)2
+ k2y + k2z , s,σ =±1. (38)
Physically, such Hamiltonian describes a Z2 3D topological insulator with magnetic doping which explicitly breaks
time-reversal symmetry. It is important to note that the distance between the Weyl nodes is now 2
√
b2−m2 rather than
2b. Thus the Dirac mass term tends to move the Weyl nodes together and eventually annihilates them if |b| < |m|. If
the Dirac mass m is negative, this situation corresponds to the 3D topological insulator for which the magnetic doping
is still small compared to the topological mass gap m.
Let us now study the surface states for such a Hamiltonian. Partly this has been done in [7], but here we extend the
analysis also to the case of large negative Dirac masses with m < −|b| in order to see how the Dirac cone dispersion
relation (13) typical for the surface states of 3D topological insulators transforms into the Fermi arc-like dispersion
relation (36) typical for Weyl semimetals as the parameter b is tuned across the critical value m =−|b|.
The eigenvalue equation for the matrix M now has the form(
ε− k/+ b/ −m
−m ε + k/+ b/
)( φ
χ
)
=
( −iσzλ φ
iσzλ χ
)
, (39)
or, in a component-wise form
χ = ε− k/+ b/+ iσzλ
m
φ , φ = ε + k/+ b/− iσzλ
m
χ . (40)
Substituting the first equation into the second one, we obtain the following equation for φ :(
ε2 + 2εb/+ b2+[k/− iλ σz,b/]− k2 +λ 2−m2
)φ = 0. (41)
We see thus that φ should be the eigenstate of the operator D = 2εb/+[k/,b/]− iλ [σz,b/], which can be written as the
following 2× 2 matrix:
D = 2b
( −iky ε− iλ
ε + iλ iky
)
. (42)
The eigenvalues of this matrix are dσ = 2σbx
√
λ 2 + ε2− k2y , with σ = ±1. The corresponding eigenvectors have the
following form, up to normalization:
φσ = {1,θσ} , θσ =
iky +σ
√
λ 2 + ε2− k2y
ε− iλ =
iky +σ
√
k2x +m2− b
ε− iλ , (43)
where in the last line we have used the explicit expression for λ in terms of σ (46), given below. Substituting this
expression for φσ into the first equation (40), we also find χσ :
χσ =
1
m
(
(ε + iλ )+ (−kx + iky + b)θσ
(−kx− iky+ b)+ (ε− iλ )θσ
)
(44)
Substituting the eigenstates of Dφ into (41), we obtain the following equation for λ :
ε2 + b2− k2 +λ 2−m2 + 2σb
√
λ 2 + ε2− k2y = 0. (45)
The solutions of this equation with negative real part are given by
λσ =−
√(√
k2x +m2−σb
)2
+ k2y − ε2. (46)
The square root in the brackets (inside the outer square root) can in principle have an arbitrary sign. In order to match
the expression for the component θσ of φσ given by the last line of (43), we have to set this sign to +1, assuming that√
k2x +m2 > 0. Now λσ should be substituted in the expressions (43) and (44) above. It is obvious that λσ given by
(46) have either zero imaginary or zero real part. In order to find the localized surface states, we should only consider
the solutions with nonzero (and negative) real part.
Now we proceed as in Section (3) and represent the wave function Ψ(z) of the surface state as a linear combination
of Ψ+ (z) = {φ+,χ+} eλ+z and Ψ− (z) = {φ−,χ−} eλ−z with some coefficients c+ and c−. Matching Ψ(z = 0) to the
wave function (9) of an ideal insulator, we arrive at the following equations:
c+φ++ c−φ− = η , c+χ++ c−χ− = iσzη ⇒ c+ (χ+− iσzφ+)+ c− (χ−− iσzφ−) = 0. (47)
Taking into account the explicit form of χσ and φσ given by (43) and (44), we then arrive at the following compatibility
condition for the above system of equations:
(ε + iλ+−κθ+− im)((ε− iλ−)θ−− ¯κ + iθ−m) = (ε + iλ−−κθ−− im)((ε− iλ+)θ+− ¯κ + iθ+m) , (48)
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FIGURE 1. Contour plots of the dispersion relation of the surface states ε
(
kx,ky
)
for the Weyl semimetal with a spatial
momentum separation 2b = 1.0 (b = 0.5) between the Weyl nodes and different values of the Dirac mass m. Red points mark
the projections of the bulk Weyl nodes (kx =±
√
b2−m2 if |b|> |m|, kx = 0 otherwise, ky = 0) onto the surface momentum space.
where we have denoted κ = kx− iky− b. After some algebra and guesswork (guided by the numerical checks and the
calculations of [7]) we solve these equations with respect to ε and arrive at the following results for the spectrum of
the surface states:
• At m > |b| no surface states exist.
• At −|b|< m < |b| there are surface states for |kx|<
√
b2−m2, which have the simple dispersion relation ε = ky.
In particular, the open line |kx|<
√
b2−m2, ky = 0 at which ε = 0 is the Fermi arc joining the projections of the
bulk Weyl nodes at kx =±
√
b2−m2 [2].
• At m < −|b| surface states exist for |kx| < m
√
m2
b2 − 1. The dispersion law is the anisotropic Dirac cone: the
Fermi velocity in the y direction vF y = ∂ε∂ky is always unity, and the Fermi velocity in the x direction vF x =
∂ε
∂kx is
vF x =
√
1− b2
m2
. The Dirac cone is particle-hole symmetric, that is, the energies of surface states always come in
pairs ±ε .
• At m =−|b| the surface states only exist at kx = 0. Their dispersion relation is ε = ±ky. Note the appearance of
one more branch of the dispersion relation (ε =−ky) as compared to the dispersion relation at −|b|< m < |b|.
In order to illustrate these results, on Fig. 1 we present the contour plots of the dispersion relation of the surface
states ε (kx,ky) for b = 0.5 and different values of m, both positive and negative. At m < −|b| there are two opposite
values of ε which correspond to the same kx and ky, therefore we show the contour plots only for the branch with
ε > 0.
5. CONCLUSIONS
In these notes we have given a general recipe for computing the spectrum of surface states for materials in which
quasiparticle excitations are described by Dirac Hamiltonians of the form (1) at low energies. We have also explicitly
derived the spectra of low-energy surface states of 3D topological insulators and Weyl semimetals with broken parity
and time-reversal symmetries.
In the case when the parity is broken by the energy separation between the Weyl nodes we have found that the only
effect of the energy separation is the reduction of the Fermi velocity in the Dirac cone dispersion relation of 2D surface
states.
The spectrum of surface states of massive Dirac Hamiltonian with broken time-reversal symmetry turned out to
be more complicated. Physically, this Hamiltonian describes the magnetically doped 3D topological insulator. If the
magnetic doping is sufficiently large, 3D topological insulator turns into a Weyl semimetal with momentum separation
between the Weyl nodes. We have found that if the magnetic doping is not very large, its effect is to make the Dirac
cone anisotropic by decreasing the Fermi velocity in the direction of the magnetization. At the same time, the range
of momenta in which the surface states exist is shrunk to a strip of finite width, which is inversely proportional to the
magnetization if the magnetization is small. As the magnetization becomes equal to the topological mass gap, this strip
shrinks to a line which is perpendicular to the magnetization, and one branch of the dispersion relation disappears. As
the magnetization is further increased, the bulk energy spectrum develops two separated Weyl nodes. Correspondingly,
the surface states develop the Fermi arc and the dispersion relation becomes effectively one-dimensional: ε = ky. The
surface states still exist in a finite strip with the width being equal to the separation between the bulk Weyl nodes. This
picture of the evolution of the Dirac cone dispersion relation into the effectively one-dimensional Fermi arc dispersion
relation might be useful for the identification of the critical magnetic doping of 3D topological insulators which leads
to the emergence of a Weyl semimetal phase.
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